Abstract. We prove a necessary and sufficient condition for the Liouville property of the infinitesimal generator of a Lévy process and subordinate Lévy processes. Combining our criterion with the necessary and sufficient condition obtained by Alibaud et al., we obtain a characterization of (orthogonal subogroup of the) the set of zeros of the characteristic exponent of the Lévy process.
A C 2 -function f : R n → R is called harmonic, if ∆f = 0 for the Laplace operator ∆. The classical Liouville theorem states that any bounded harmonic function is constant. Often it is helpful to understand ∆f as a Schwartz distribution in D ′ (R n ) and to re-formulate the Liouville problem in the following way: The operator ∆ enjoys the Liouville property if f ∈ L ∞ (R n ) and ∀φ ∈ C ∞ c (R n ) : ∆f, φ := f, ∆φ = 0 =⇒ f ≡ const. (1) holds; ·, · denotes the (real) dual pairing used in the theory of distributions. An excellent account on the history and the importance of the Liouville property can be found in the paper [1] by Alibaud et al.
Like [1] we are interested in the analogue of (1) for a class of non-local operators with constant 'coefficients'. Recall that 1 2 ∆ is the infinitesimal generator of Brownian motion. This is a diffusion process with stationary and independent increments and continuous paths. If we give up the continuity of the sample paths, and consider stochastic processes with independent, stationary increments and right-continuous paths with finite left-hand limits, we get the family of Lévy processes, cf. [7] . It is well known, see [6, 7] , that the infinitesimal generator L ψ of a Lévy process is a pseudo-differential operator
where u(ξ) = (2π) −n R n e −ix·ξ u(x) dx is the Fourier transform and S(R n ) is the Schwartz space of rapidly decreasing smooth functions; the inverse Fourier transform is denoted by q u. The symbol ψ : R n → C is a continuous and negative definite function which is uniquely characterized by its Lévy-Khintchine representation
the 'coefficients' b ∈ R n , Q ∈ R n×n (a positive semidefinite matrix) and ν (a Radon measure on R n \ {0} such that R n \{0} min{|x| 2 , 1} ν(dx) < ∞) uniquely describe ψ.
From (2) we can see that the L 2 -adjoint L * ψ is again a Lévy generator whose symbol ψ is the complex conjugate of ψ: Let u, φ ∈ S(R n ). By Plancherel's theorem
If we combine (2) and (3) we get a further representation for
Using Taylor's formula it is not hard to see that
n . This is already the proof of the following lemma( 1 ).
The functional (6) has a natural extension to all
is an anisotropic Bessel potential space, cf. [5] . Since S(R n ) is dense in H ψ,2 1 (R n ), [5, Theorem 2.1.13], the extension is an extension by continuity.
We want to characterize those Lévy generators which satisfy the Liouville property. For this, we need the following results on the zero set of a continuous negative definite function.
Lemma 2. Let ψ : R n → C be the symbol of the generator of a Lévy process. The following estimates hold
in particular, the zero-set {ψ = 0} = {ξ ∈ R n : ψ(ξ) = 0} is a closed subgroup of (R n , +) which is either discrete or of the form G ⊕ E for some subspace E ⊂ R n and a closed discrete subgroup (a relative lattice) G ⊂ E ⊥ . If {ψ = 0} {0} is not trivial, ψ must be periodic, hence bounded.
Proof. The inequalities (7), (8) [7, Theorem 6 .2] for various proofs. Since ψ(−η) = ψ(η), the inequality (7) and the continuity of ψ show that {ψ = 0} is a closed subgroup of R n . The decomposition follows from a structure result on closed subgroups of R n , see Bourbaki [3, Chapter VII, Theorem 1.2.2]. If η ∈ {ψ = 0} and η = 0, the estimate (8) shows that ψ is periodic with period η. Since ψ is continuous, it is bounded. Lemma 3. Let ψ : R n → C be the symbol of the generator of a Lévy process with coefficients (b, Q, ν), and denote by ψ n the symbol with coefficients (b, Q, 1 Bn(0) ν). Then ψ n ∈ C ∞ (R n ), lim n→∞ ψ n = ψ uniformly and the zero-sets satisfy
Proof. Since the Lévy measure of ψ n has bounded support, all moments 1<|x|<n |x| k ν(dx), k ∈ N 0 , are finite, and a routine application of parameter-dependent integrals shows that ψ n is of class C ∞ , see also Jacob [6, Theorem 3.7.13] or [4, Lemma 2.18]. The difference of ψ − ψ n can be estimated by
which converges to 0 uniformly in ξ as n → ∞. In order to show (9) we consider first the real case. Since Re ψ n ≤ Re ψ, we have {Re ψ = 0} ⊂ {Re ψ n = 0} and {Re ψ = 0} ⊂ n∈N {Re ψ n = 0}. The converse inclusion follows from the pointwise convergence ψ n (ξ) → ψ(ξ).
In general, ψ is bounded if, and only if, ν is a finite measure, and ψ is of the form
this follows easily from (3), see also Berg and Forst [2, Proposition 7.13]. Since ν(B c 1 (0)) < ∞, we see that ψ and ψ n are at the same time bounded or unbounded.
If ψ and ψ n are unbounded, we have {ψ = 0} = {0} and {ψ n = 0} = {0}; this follows from Lemma 2.
Assume now that ψ and ψ n are bounded. There are two cases. Case 1: There is a sequence n(k) → ∞ such that {Re ψ n(k) = 0} {0}. This means that the Lévy measure of ψ n(k) is purely atomic; by construction, it follows that ν is on each ball B n(k) (0) of the form
Thus, {Re ψ n = 0} = {ψ n = 0} and {Re ψ = 0} = {ψ = 0}. Since (9) is true for Re ψ n and Re ψ, we get
Case 2: There is some n 0 such that {Re ψ n = 0} = {0} for all n ≥ n 0 . Since (9) is true for Re ψ n and Re ψ, we have again
and (9) follows from this and the trivial inclusions {Re ψ n = 0} ⊃ {ψ n = 0} ⊃ {0}.
We can now prove our main theorem.
Theorem. Let L ψ be the generator of a Lévy process. The operator L ψ has the Liouville property, i.e.
if, and only if, the zero-set satisfies {ψ = 0} = {0}.
In view of Lemma 2 we can assume that {ψ = 0} is a discrete group, otherwise we would have a truly lower-dimensional problem.
Assume first that ψ is smooth and that all derivatives grow at most polynomially. Since such ψ are multipliers in S(R n ), we see immediately that in
holds for all φ ∈ S(R n ) and all φ ∈ S(R n ) (as the Fourier transform is bijective on S(R n )). We conclude that supp q f ⊂ {ψ = 0} = {ψ = 0}. If ψ is a general Lévy symbol, we use the smooth approximation ψ n from Lemma 3. It is known, see Jacob [6, Thorem 3.7.13] or [4, Lemma 2.18], that ψ n is smooth and grows, together with all derivatives, at most quadratically. Note that for φ ∈ S(R n )
Thus, the previous arguments show supp f ⊂ {ψ n = 0} for all n ∈ N and, again with Lemma 3, we get supp f ⊂ n∈N {ψ n = 0} = {ψ = 0}.
We can now use a classical result on the structure of tempered distributions supported in single points, see e.g. Trèves [10, Chapter 24],
If, in addition, f is bounded, we have f (x) = (2π)
−n g∈{ψ=0} c 0,g e −ig·x . If {ψ = 0} = {0}, it is clear that the Liouville property holds. Conversely, if the Liouville property holds and if {ψ = 0} is not trivial, we can always shift a solution L ψ f = 0 in the following way: f h (x) := f (x)e −ih·x , h ∈ {ψ = 0} and we get again L ψ f h = 0; this means that can always achieve that some c 0,g = 0, g = 0, and we have reached a contradiction to f h ≡ const. Thus, the above representation shows that the Liouville property holds if, and only if, {ψ = 0} is trivial. If {ψ = 0} {0}, the solutions to L ψ f = 0 are periodic with periodicity group given by the orthogonal subgroup (cf. [2, Definition 2.8]) of the zero-set {ψ = 0}
[⊥] := {ξ ∈ R n | ∀g ∈ {ψ = 0} : e iξ·g = 1}.
Using Bochner's subordination, cf. [9, Chapter 13], we can give a further characterization of the Liouville property. If (T t ) t≥0 is any strongly continuous contraction semigroup and (γ t ) t≥0 a vaguely continuous convolution semigroup of probability measures on the half line [0, ∞), then T 
, τ > 0, (a = 0, π(ds) = τ e −sτ ds) and 'semigroups' g(λ) = 1 − e −λt , t > 0, (a = 0, π(ds) = δ t (ds)). If we extend g to the complex right-half plane H = {λ + iη | λ ≥ 0, η ∈ R}, we see from (11) (1 − cos(ηs)) π(ds) = 0 which is only possible for η = 0 if supp π is discrete( 2 ). If ψ is the symbol of a Lévy process, then g • ψ is also the symbol of a Lévy process and In particular, L ψ has the Liouville property if, and only if, for some (or all ) τ > 0 the resolvent R τ := (τ id −L ψ ) −1 enjoys the following property:
If, in addition, L ψ is self-adjoint, i.e. if ψ = ψ is real-valued, then the Liouville property of L ψ is equivalent to the following property of the semigroup P t = e tL ψ generated by L ψ : For some (or all ) t > 0 one has
Proof. The first assertion follows from the observation that {ζ ∈ H | g(ζ) = 0} = {0} implies {g • ψ = 0} = {ψ = 0} and the main Theorem.
For the second part use the Bernstein function g(λ) = λ τ +λ and note that λ = 0 is the only zero of g in H; moreover R τ φ = ψ(τ + ψ) −1 φ. Finally, if ψ is real-valued, i.e. if L ψ is self-adjoint cf. (11), there is no need to extend g to H. In this case, {λ ≥ 0 | g(λ) = 0} = {0} is always trivial (because of the strict monotonicity of g) and we can use the previous argument for g(λ) = 1 − e −λt and the semigroup P t : Note that P t φ = e −tψ φ.
The paper [1] by Alibaud et al. contains another characterization of the Liouville property for Lévy generators using completely different methods: It is based on the characteristic triplet (b, Q, ν) appearing in the Lévy-Khintchine representation (3) of ψ. If we combine our Theorem with the result of [1] , we arrive at an interesting description of the zero-set of a negative definite function.
( 2 )If we compare (3) and (11) for λ = iη, we see that η → f (iη) is a continuous and negative definite function, and the exact structure of supp π is given in Corollary 2 below.
We need the following notation from [1] . Let Σ be the positive semidefinite square root of Q and denote by σ 1 , . . . , σ n the column vectors of Σ. Let G ν = G(supp ν) be the smallest additive subgroup of R n containing supp ν, V ν = {x ∈ G ν : tx ∈ G ν ∀t ∈ R} (G stands for the closure of G ⊂ R n ), c ν = − {|y|<1}\Vν y ν(dy) and W Σ,b+cν = span{σ 1 , . . . , σ n , b + c ν }.
Corollary 2. Let ψ be the characteristic exponent of a Lévy process. Denote by {ψ = 0}
[⊥] the orthogonal subgroup {ξ ∈ R n | ∀x ∈ {ψ = 0} : e iξ·x = 1} of the additive group {ψ = 0} ⊂ R n . Then the following equality holds
There is a further characterization of {ψ = 0}
[⊥] which can be found in Berg and Forst [2, Proposition 8.27 ]. Denote by µ t the probability measure such that µ t = e −tψ , i.e. (µ t ) t≥0 is the family of transition probabilities of the Lévy process with exponent ψ. Then {ψ = 0}
[⊥] is the smallest closed additive subgroup of R n which contains t>0 supp µ t . This implies immediately the following result.
Corollary 3. Assume that the Lévy process with characteristic function ψ has transition probabilities (µ t ) t≥0 such that for at least one t 0 > 0 the measure µ t 0 (dx) = p t 0 (x) dx has a strictly positive density, i.e. p t 0 (x) > 0 for all x ∈ R n . Then the generator L ψ has the Liouville property (10) .
